Abstract. We obtain curvature free lower bounds for the first eigenvalue of the Laplacian of a normal geodesic balls of Riemannian manifolds. These lower bounds are only C 0 dependent on the metric coefficients. As corollary we obtain the lower bound for spherical caps due to Betz-Camera-Gzyl, [5].
Introduction
Let λ 1 (r) be the first eigenvalue of the Laplacian of a normal geodesic ball B(r) of radius r in a complete Riemannian manifold M. A basic problem in Riemannian geometry is to give bounds for λ 1 (r) in terms of the geometry of B(r). Many of these bounds depend on some kind of curvature, be it sectional curvature, Ricci curvature, mean curvature of the geodesic spheres, see [10] , [8] , [9] , [2] , [3] , [4] . In fact, there is a huge literature on this problem, relating λ 1 (r) to all kind of geometric data, see [1] , [6] and references therein. But the purpose of this paper is to give curvature free lower bounds for λ 1 (r).
By that we mean that the lower bounds that we obtain does not depend on any derivatives of the metric. To state our result, observe that in a normal geodesic ball, (centered at p), the Riemannian metric can be expressed in spherical coordinates by
where A (t, ξ) is the solution of the matrix ordinary differential equation on
Observe that the sectional curvatures of B(r) are all constant κ if and only
Theorem (1.1) imply the lower bounds for λ 1 of spherical caps of the n-sphere obtained by Betz-Camera-Gzyl with probabilistic technics [5] . Theorem 1.2 (Betz-Camera-Gzyl, [5] ). Let B(r) ⊂ S n (1), r < π be a spherical cap. Then
see [10] , [11] . In [2] , Bessa-Montenegro improved slightly this estimate to
. Now we can improve this estimate a little more to
These estimates are meaningful only for small r. In fact, for each n ≥ 2 there
Proof of Theorem 1.1
In this section we will present the proof of Theorem 1.1 but first we will recall basic facts about spherical coordinates following Chavel's book [7] . Let p ∈ M be the center of the geodesic ball B(r) and v : (0, r) × S n−1 p → B(r), v(t, ξ) = exp p t ξ be spherical coordinates. Let ∂/∂t, ∂/∂ξ α , α = 2, . . . , n, be natural coordinate vector fields on (0, r) × S n−1 p
. We have at exp p (tξ) that
is the Jacobi field along γ ξ determined by the initial conditions Y α (0, ξ) = 0 and
. Now, to understand these Jacobi fields
be the curvature tensor along the unique geodesic γ ξ satisfying γ ξ (0) = p and γ 
For each η ∈ ξ ⊥ the vector field Y (t, ξ) = τ t,ξ · A (t, ξ) · η is the Jacobi field along γ ξ with initial conditions Y (0, ξ) = 0 and
Thus we can express the Riemannian metric shortly by
For small t, we have that
where Ric(ξ, ξ) is the Ricci curvature of M at p in the direction ξ.
The Laplacian operator △ is expressed in geodesic spherical coordinates at a point exp p (tξ) by
where (g αβ ) = (g αβ ) −1 .
To prove Theorem (1.1) consider the space X of all continuous functions on [0, r] with the usual topology defined by the norm u = sup 0≤t≤r |u(t)|. For a ∈ R, θ > 0 and ξ ∈ S n−1 p fixed, let T = T (ξ, a, θ) be the operator in X defined by
By (2) we have that
Thus T u(t) is continuous at all t ∈ [0, r]. We can extend (radially) u and T u to continuous functions on B(r) respectively by u(exp p (tη)) = u(t) and T u(exp p (tη)) = T u(t), for all η ∈ S n−1 p . Moreover, it is easy to show that △T u(exp p (tη)) + (a + λ 1 (r)) u(exp p (tη)) = 0 for all t ∈ [0, r] and all η ∈ S n−1 p . Now, fix ξ ∈ S n−1 p , θ > 0 and suppose that λ 1 (r) < C(r, ξ) −1 . Let a > 0 be such that λ 1 (r) + a < C(r, ξ) −1 . Under this hypothesis we shall show below that the operator T (ξ, a, θ) has a fixed point u ξ in the closed convex subset F = {u ∈ X : 0 ≤ u ≤ θ} of X. Extending radially u ξ to B(r) we have that
for all t ∈ [0, r] and all η ∈ S n−1 p . But this contradicts the following well known lemma below. Thus we have that
There is no non-trivial smooth solution u ≡ 0 to the problem
We will present a proof of this lemma for the sake of completeness.
Proof. Let φ be a positive first eigenfunction of B(r), i.e. △φ + λ(r)φ = 0 in B(r) and φ = 0 on ∂B(r). It is well known that ∂φ/∂ν < 0 on the boundary ∂B(r), where ν is a unit outward vector field on ∂B(r). Thus we have that φ △u + (a + λ 1 (r))φ u = 0. Integrating over B(r) and using Green identities, (∫ B(r) φ △u = −λ 1 (r) ∫ B(r) φ u − ∫ B(r) u (∂φ/∂ν)), we have that
To finish the proof of Theorem (1.1) we need to show that T (ξ, a, θ) : F → F has a fixed point. In order to get a fixed point for T (ξ, a, θ) , we are going to use the following well-known Schauder-Tychonoff fixed point theorem.
Theorem 2.1. Let F be a nonempty closed convex subset of a separated locally convex topological vector space X. Suppose that T : F → F is a continuous map such that T (F ) is relatively compact. Then T has a fixed point.
We are going to show that T (ξ, a, θ) satisfies the hypotheses of Theorem (2.1) if λ 1 (r) + a < C(r, ξ) −1 . We start we few simple lemmas.
Lemma 2.2. Let F be the set
Proof. Let u ∈ F be arbitrary. As observed before, T u is continuous. Since (a + λ 1 )u ≥ 0, we have that
[a + λ 1 (r)]u(s) ds dσ ≥ 0 thus (T u)(t) ≤ θ, for all 0 ≤ t < r. On the other hand, since (a+ λ 1 (r)) < C(r, ξ)
and 0 ≤ u(t) ≤ θ, we have that,
for all 0 ≤ t < r. This proves that T (F ) ⊂ F . which implies that the family T (F ) is equicontinuous. Since T (F ) is uniformly bounded, the Ascoli-Arzela theorem implies that T (F ) is relatively compact.
